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b) Derive an Expression for the electric field intensity 
E at any poslTlO~ x along the positive x axis, starting 
from the expression for V found in part (a). (12) 



STATI 

Solids 5 like gases are made up of large numbers of interact
ing particles. In the absence of ar~y informat1on about individual 
particles one can still predict ·vvith accuracy many properties of 
such an assembly~ using the laws of probability and statistics. 
One of the c~ntral problems of stat1stical mechanics is concerned 
with the prediction of the most probable energy distribution of 
a large number of interacting particles. This distribution, 
called the nequilibriumn distribution, has been found to have 
such a high probability of occurence when the number of particles 
is large~ that significant deviations from this distribution are 
very unlikely (but not impossible). 

The energy E of an individual particle is the sum of its 
kihetic energy and its potential energy. The kinetic energy 
depends only on the particle's momentum and the potential energy. 
only on its position so that its energy is completely specified 
by,s~x quanti~~~s.s thre~_mo:nentum components (e~g. ~x. P;e .... Pz) 
ana chree pOSlt..lon coora2na-ces (e.g. x,:,r,z). At any 2nsta.nv, 
each particle of the assembly v;rill have six values associated 
with it, one for each of the quantities mentioned above. The 
task of finding the energy distribution then becomes one of 
ftnding the numbers of particles having values between x,y,z,px 
Py, p 2 and x +b x, Y + AY, Z + uz, Px + APx, Py + b.Py' Pz + 6P

2
! 

For example, suppose the particles are free so that the 
potential energy U = 0 for all particles (an ideal gas). In this 
case the energy of the particle is completely specified by its 
momentum components; it may be represented by a point in nmomentum 
space" as 1 sho-vm belo1·J • 
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One may think of this momentum soace as being divided into 
11
Cellsn of dimensions ~P- ~ LiPy;~l!.P,- and then try to find the 

most probable distributi~n of point~ among the ce s in order 
to determine the energy distri ion. In general, U ~ 0 and 
the cells are six dimensional cells in a six dimensional 1'phase 
space 11

• i~ 

Suppose now that one has N particles and wishes to deter
mine the most probable distribtuion of them among cells of energy 
El, E2 , E3. etc. The probability of a particular distribution is 
proportional to the number of ways W of making the distribution! 
and it can be shovm that if the particle:2. are distinguishable 
from each other 

N! 

where N1 = number of particles in cell l, etc. 

Example: Suppose there are 4 particles to distribute 
beb·;een 2 cells, 

(l) 

(possibility 1): all 4 in cell l; only one way to do it 

VJ = 4! 
4! 0! = l 

(possibility 2): 3 in cell 1, lin cell 2; four ways to do 
it •.•. with particle a, b, c, or din cell 2 

= ~· o-

(possibility 3): 2 in each cell; six possible combinations 
•.••.... identify them yourself 

(possibility 4): 3 in cell 2; similar to possibility 2 

(possibility 5): all 4 in cell 2; similar to possibility l 

In this case possibility 3 describes the equilibrium distribution 
and it is not much more probable than possibilities 2 or 4 (this 
would not be the case if there vTere a large number of particles 
and cells). 

In order to obtain a general expression for the equilibrium 
energy distribution~ one maximizes H (equation l) "\'lith respect 
to variable N1 , N?J······ 
(LaGrange 1 s methoa. of undetermined multipliers) VJith the restric
tions 

N = N1 + N2 + N3 + .• •.••••••••• , = L N i 
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and gets the most probable energy distribution 

= > N- E . .... l :L 

( 2) 

where Ni is the number of particles having energy Ei. This express
ion is directly useful only where energies are discrete so that a 
particular energy Ei is associated with each cell. If the energy 
is continuous the cells must be considered infinitesimal and of 
volume d.n. in six dimensional phase space (e. g. in cartesian co
ordinates dD. = d Px d pv d Pz dx dy dz_). Tbe number of particles 
per infinitesimal cell is then · 

-E/kT 
ctN oc -e.. d n c 3 ) 

Equations (2) and (3) represent the classical I~1aXvJell-Boltzmann 
equilibrium distribution. 

One of the difficulties with the above analysis is that 
p~rticles can 1 t be labeled a,b,c:,•• .•• they are indistinguishable. 
Thus in the example given concerning the distribution of 4 particles 
between 2 cells, there are not actually four distinct ways to put 
three particles in cell l and one in cell 2; the expression (l) 
for W is incorrect. Also, according to quantum mechanics, the 
position and momentum of a particle can be determined simultaneously 
only with uncertainty 

Pxb.x>·n/2 ete. 
-C-

and therefore the cell volume car1 1 t be infinitesimal but must be 
of the order t3/8 or greater to ensure :v~..r1ov1ledge of when a particle 
is in a particular cell. When these facts are taken into account, 
an analysis similar to the above yields for the equilibrium number 
of particles in a state of energy E~ 

N· oc l 

Be 

l 
h'· 7kT' .ul . - -1 

which is the Bose-Einstein distribution function, 

( 4) 

In the case of particles having half integral values of spin 
(e.g. electrons, proton~ neutrons) there is also a restriction on 
the number of particles that can go into a particular state, In a 
given system, only one particle is allov~ed to occupy a state having 
a given set of quantum numbers, One determines the probability 
f (Ei) that a state of energy Ei is occupied rather than the 
number of particles in the state. The equilibrium result is 

f (Ei ) = 1 
Ei /kT 

B e - +1 
(5) 
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where the probability function f (E~) is called the Fermi function. 
The quantity B is not temperature iAdependent and may be written 

resulting in 

f (E. ) = 
l 

l 
(E. k' \ 'km i -.._,p ;/ \.'1 -e - + l (6) 

where EF is called the Fermi energy of the system and is almost, 
but not quite, temperature independent. The Fermi energy EF is 
defined as the energy of that state which has a 50% chance of being 
occupied by some particle, since when E1 = Ep, f = l/2. States 
having lo1t1er energies (E ~ < E-p) are more likely to be occupied 
( f > l/2), and states oflhigher energy (Ei > EF) less likely 
to be occupied ( f < 1/2). 
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